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In this work, we present a theoretical study of the dispersion of linearly polarized light between two
dielectric media separated by an anisotropic two-dimensional (2D) material under oblique incidence.
Assuming that the 2D material is a conducting sheet of negligible thickness, generalized Fresnel
coefficients are derived as a function of usual quantities (e.g. refraction indexes and scattering angles)
and the anisotropic in-plane optical conductivity of the interstitial 2D material. In particular, we
analyzed the modifications due to the 2D material of two classical optical phenomena: the Brewster
effect and the total internal reflection. As an application, our general findings are particularized for
uniaxially strained graphene. Effects of a uniaxial strain on the Brewster angle and the reflectance
(under total internal reflection) are evaluated as a function of the magnitude and direction of strain.
I. INTRODUCTION
Among the exceptional properties exhibited by the
2D materials, one can cite the strong interaction with
light in comparison with their bulk counterparts [1–4].
For example, graphene presents a constant and univer-
sal absorbance of 2.3% across the whole infrared to vis-
ible spectral range [5, 6]. On the other hand, mono-
layer transition-metal dichalcogenides, such as MoS2 and
WSe2, are able to absorb over 10% of incident light at the
bandgap resonances [7, 8]. In consequence, the incorpo-
ration of 2D materials in optical systems modifies their
electrodynamical response. These modifications are ob-
servable in fundamental optical phenomena such as the
Brewster effect [9–11], the total internal reflection [12–14]
or the Goos–Ha¨nchen shift [15–17].
Another of the fascinating properties of the 2D ma-
terials is the high stretchability. They are capable of
withstanding much larger elastic deformation compared
to conventional electronic materials [18]. For instance,
graphene endures reversible stretching beyond of 10%
[19, 20]. This long interval of elastic response results in
substantial changes of the electronic, thermal, chemical
and optical properties [21–23]. Therefore, the mechan-
ical strain has been widely proposed as a tool to tune
the physical properties of 2D materials and to ultimately
achieve high-performance 2D-material-based devices.
In particular, strain engineering of the optical response
of graphene has been experimentally archived in various
works [24–26]. When graphene is under uniform strain,
its electronic structure is modified, e.g. the Dirac cones
change of shape, from circular to elliptical cross-section.
As a consequence, the Fermi velocity becomes anisotropic
[27, 28]. This strain-induced effect on the Fermi velocity
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is traduced in an anisotropic optical conductivity [29–
31] which yields a modulation of the transmittance for
normal incidence of linearly polarized light as a function
of the polarization direction [29, 32]. However, to the
best of our knowledge, the problem of light scattering for
oblique incidence in the case of strained graphene (or an
anisotropic 2D material) has not been analyzed in details.
For instance, the contribution of the non-diagonal com-
ponents of the strained graphene conductivity tensor on
the light scattering remains unexplored. Thus, the main
objective of this paper is to give a general characteriza-
tion of this problem, which would lead a more complete
understanding of the Brewster effect or the total internal
reflection as a function of strain.
This paper is organized as follows. In Sec. II, we derive
the generalized Fresnel coefficients when two dielectric
media are separated by an anisotropic 2D material. Sec-
tion III is devoted to analyze the general features of the
modifications of the Brewster effect or the total internal
reflection due the optical anisotropy of the 2D material.
In Sec. IV, our findings are particularized to the case of
graphene under a uniaxial strain deformation and we dis-
cuss previous experiments about total internal reflection
[25]. Finally, in Sec. V, our conclusions are given.
II. GENERALIZED FRESNEL COEFFICIENTS
We consider the propagation of linearly polarized light
through two semi-infinite non-absorbing dielectric media
separated by a 2D material and with refractive indices n1
and n2, as shown schematically in Fig. 1. In general, the
2D material is assumed to be an anisotropic conducting
sheet of negligible thickness [33, 34], whose optical con-
ductivity is characterized by the second-rank symmetric
tensor σ. According to this model, the effects of the
out-plane anisotropy, recently investigated by Maje´rus
et.al.[35], are disregarded. It is worth mentioning that
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2FIG. 1. Front view of the scattering geometry for oblique
incidence between two media with a 2D conducting material
separating them.
the optical in-plain anisotropy of the 2D material can be
an intrinsic property, as occurred for example in phos-
phorene [36] and borophene [37], or induced by strain
[38].
For the considered scattering problem, the components
of the electric (E) and magnetic (H) fields in the in-
cident, reflected and transmitted waves can be written
as [39]:
incident wave
E(i)x = −ap cos θieiτi , H(i)x z0 = −as cos θin1eiτi ,
E(i)y = ase
iτi , H(i)y z0 = −apn1eiτi ,
E(i)z = ap sin θie
iτi , H(i)z z0 = as sin θin1e
iτi , (1)
reflected wave
E(r)x = −rp cos θreiτr , H(r)x z0 = −rs cos θrn1eiτr ,
E(r)y = rse
iτr , H(r)y z0 = −rpn1eiτr ,
E(r)z = rp sin θre
iτr , H(r)z z0 = rs sin θrn1e
iτr , (2)
and transmitted wave
E(t)x = −tp cos θteiτt , H(t)x z0 = −ts cos θtn2eiτt ,
E(t)y = tse
iτt , H(t)y z0 = −tpn2eiτt ,
E(t)z = tp sin θte
iτt , H(t)z z0 = ts sin θtn2e
iτt , (3)
where z0 is the vacuum impedance and τj = kj · r − ωt
(j = i, r, t), with ω being the angular frequency of light
and kj the respective wave vector. The relation between
E and H for each wave is Hz0 = n(k/|k|)×E.
At the interface z = 0, the electric and magnetic fields
are related by the boundary conditions [40],
E(t)x − E(i)x − E(r)x = 0, E(t)y − E(i)y − E(r)y = 0, (4)
H(t)x −H(i)x −H(r)x = Jy, H(t)y −H(i)y −H(r)y = −Jx,
(5)
where J is the surface current density because of the
2D conducting material. According to the Ohm’s law
J = σ ·E(t), namely
Jx = σxxE
(t)
x + σxyE
(t)
y ,
Jy = σyyE
(t)
y + σxyE
(t)
x , (6)
with σxx, σyy and σxy being the components of the opti-
cal conductivity tensor σ. To note that σ is symmetric,
i.e. σxy = σyx.
Now, substituting Eqs. (1-3) into Eqs. (4-6), and using
the fact that cos θr = − cos θi, we obtain the components
of the reflected and transmitted waves, in terms of those
of the incident wave, are given through the following gen-
eralized Fresnel coefficients,
rs =
(
−1 + 2n1f1 cos θi
f1f2 + z20σ
2
xy cos θi cos θt
)
as +
( 2n1z0σxy cos θi
f1f2 + z20σ
2
xy cos θi cos θt
)
ap, (7)
ts =
( 2n1f1 cos θi
f1f2 + z20σ
2
xy cos θi cos θt
)
as +
( 2n1z0σxy cos θi
f1f2 + z20σ
2
xy cos θi cos θt
)
ap, (8)
rp =
(
1− 2n1f2 cos θt
f1f2 + z20σ
2
xy cos θi cos θt
)
ap +
( 2n1z0σxy cos θt
f1f2 + z20σ
2
xy cos θi cos θt
)
as, (9)
tp =
( 2n1f2 cos θi
f1f2 + z20σ
2
xy cos θi cos θt
)
ap −
( 2n1z0σxy cos θi
f1f2 + z20σ
2
xy cos θi cos θt
)
as, (10)
with f1 = (n1 cos θt + n2 cos θi + z0σxx cos θi cos θt) and f2 = (n1 cos θi + n2 cos θt + z0σyy).
3III. RESULTS
As a first result from these equations one can note
that, in general, the considered scattering of light can
not be decoupled in transverse electric (TE) and trans-
verse magnetic (TM) waves. When the normal to the
incidence plane is not along one principal axes of the
conductivity tensor σ, both incident TE (s-polarized)
and TM (p-polarized) waves are scattered in reflected
and transmitted waves with components that are paral-
lel and perpendicular to the incidence plane. Namely, an
incident s- or p-polarization is only preserved if σxy = 0.
In this last case, the Fresnel coefficients (7-10) are quite
more simplified and, in particular, the reflectance and
transmittance for both s- and p-polarization can be cal-
culated as
Rs =
∣∣∣n1 cos θi − n2 cos θt − z0σyy
n1 cos θi + n2 cos θt + z0σyy
∣∣∣2, (11)
Rp =
∣∣∣n2/ cos θt − n1/ cos θi + z0σxx
n2/ cos θt + n1/ cos θi + z0σxx
∣∣∣2, (12)
Ts =
4n1n2 cos θi cos θt∣∣n1 cos θi + n2 cos θt + z0σyy∣∣2 , (13)
Tp =
4n1n2/(cos θi cos θt)∣∣n2/ cos θt + n1/ cos θi + z0σxx∣∣2 , (14)
and the absorbance as A = 1 − R − T . These expres-
sions reproduce those for an isotropic 2D material like
unstrained graphene [41, 42] if both σxx and σyy are re-
placing with the same conductivity value. In absence of
anisotropy and normal incidence, the reflectance, trans-
mittance and absorbance are independent on the incident
light polarization, as depicted in Fig. 2(a), Fig. 3(a) and
Fig. 4(a), respectively. However, for normal incidence
but in the presence of anisotropy, from Eqs. (11–14) it is
clear that they depend on the light polarization, which
has been studied in details for strained graphene [32].
A. Modified Brewster angle
For oblique incidence, such quantities show a strong
dependence on the light polarization. For instance, while
the s−polarized radiation is partially reflected for all θi,
the p−polarization reflection is totally inhibited at the
Brewster angle (see Fig. 2(a) and Fig. 3(a)). For the
simplest system dielectric-dielectric, the Brewster angle
θB is given by the well-know formula tan θB = n2/n1 [39].
Once a 2D conducting material is present at the interface
between both dielectric media, this angle changes [10].
Staring from the cancellation condition of Rp given by
Eq. (12) and using the Snell law, the modified Brewster
angle θ′B can be expressed as
θ′B ≈ θB +
z0σxxn1n
3
2
(n22 − n21)(n22 + n21)3/2
, (15)
which is fulfilled in the regime of purely real and low con-
ductivity, i.e. =(σxx) = 0 and z0σxx  1. Therefore, the
shift of the Brewster angle ∆B = θ
′
B − θB is imposed by
the relation between the refractive indexes of the incident
medium n1 and of the substrate n2: if n2 > n1 (n1 > n2)
then ∆ > 0 (∆ < 0). Equation (15) also leads to useful
approximated expression for the following limiting cases:
if n2  n1, ∆B ≈ z0σxxn1/n22, (16)
if n2  n1, ∆B ≈ −z0σxxn32/n41, (17)
being the approximation (16) coincident with the re-
ported one in Ref. [10].
B. “Total” internal reflection
Another fundamental optical effect occurs when the
incident medium is optically denser than the substrate.
For such system (with n1 > n2), if the incident angle
exceeds the critical value θc given by sin θc = n2/n1 then
all the incident light is reflected, i.e. Rs,p = 1 and Ts,p =
0 for θi ≥ θc, which is know as total internal reflection
[39]. The presence of a 2D conducting material at the
interface modifies this phenomenon [12, 25, 41]. Unlike
the Brewster angle, the critical angle θc does not change.
However, while the transmittance remains nullified for
θi ≥ θc, the reflectance is no longer total, as it can be
appreciated in Fig. 3(a). Above the critical angle, the p-
polarization reflectance Rp roughly presents a very slow
U-shaped behaviour (concave downward) as a function of
the incident angle θi, being equal to 1 for θi = θc and θi =
90°. Such U-shaped behaviour of Rp is more pronounced
for a 2D material with higher optical conductivity σxx,
whereas Rp recovers its value 1 for σxx tending to 0. This
fact simply means that under total internal reflection the
p-polarization absorbance Ap = 1 − Rp increases as σxx
increases.
On the other hand, for θi ≥ θc the s-polarization re-
flectance Rs shows an approximate (increasing) lineal de-
pendence of θi, reaching to maximum value 1 at θi = 90°.
Using Eq. (11) one can be derived that Rs at the critical
angle θc takes the exact value:
Rs ≡ Rs(θc) =
∣∣∣√n21 − n22 − z0σyy√
n21 − n22 + z0σyy
∣∣∣2, (18)
which could be used to determine the optical conduc-
tivity of 2D materials from reflectance measurements of
s-polarized radiation under configuration of total internal
reflection. It is important to note that the s-polarization
absorbance As has its maximum at θc, as illustrated in
Fig. 4(a), being equal to 1−Rs. Then, from Eq. (18) and
neglecting the higher-order term of σyy, the maximum of
As is given by
As ≡ As(θc) ≈ 4z0<(σyy)√
n21 − n22
. (19)
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FIG. 2. (a) Reflectance and transmittance of s− and p-polarized waves as functions of the incident angle θi for a system
dielectric-graphene-dielectric with n1 = 1 and n2 = 1.5. Graphene is assumed to be unstrained and with optical conductivity
equals to piα/z0. (b) Reflectance of p-polarized radiation around the Brewster angle of a system as (a), but now graphene
is uniaxially stretched along of the x−axis under different strain magnitudes. (c) Analogous to panel (b), but for different
directions of a uniaxial strain of magnitude  = 0.04.
Thus, an increasing of the optical conductivity σyy leads
to an increasing of the s-polarization absorbance peak
(see Fig. 4(c)).
IV. STRAINED GRAPHENE
In order to apply our previous results to the concrete
anisotropic 2D material, let us consider graphene under
uniaxial strain. In general, when graphene is subjected to
an arbitrary uniform strain (e.g. uniaxial, biaxial, and so
forth) its optical conductivity tensor σ, up to first order
in the strain tensor , can be written as [29–31]
σxx = σ0(1 + β(yy − xx)),
σyy = σ0(1 + β(xx − yy)),
σxy = σyx = −2βxyσ0, (20)
where σ0 is the conductivity of unstrained graphene and
β ' 2.37 is a parameter related to the hopping changes
due to strain [43, 44]. For chemical potential equals to
zero and at near-infrared and visible frequencies, σ0 takes
the universal value piα/z0, where α ≈ 1/137 is the fine
structure constant.
In the case of a uniaxial strain such that the stretching
direction is rotated by an angle φ respect to the x-axis of
the laboratory frame, then the strain tensor components
read
xx = (cos
2 φ− ν sin2 φ),
yy = (sin
2 φ− ν cos2 φ),
xy = yx = (1 + ν) sinφ cosφ, (21)
where  is the strain magnitude and ν ≈ 0.16 is the
Poisson ratio. In consequence, from Eqs. (20) it fol-
lows that σxx,yy = σ0(1 ∓ β(1 + ν) cos 2φ) meanwhile
σxy = −σ0β(1 + ν) sin 2φ. So, for a stretching along the
x−axis (φ = 0°) or the y−axis (φ = 90°), the conduc-
tivity component σxy results zero and, therefore, the re-
flectance and transmittance can obtained from Eqs. (11-
14). Moreover, it is important to keep in mind that,
according to Eqs. (20), the optical conductivity parallel
(perpendicular) to the stretching direction decreases (in-
creases) linearly with increasing the strain magnitude ,
which has been experimentally observed [24, 26].
Figure 2(b) depicts the p-polarization reflectance Rp
about the modified Brewster angle for uniaxially strained
graphene along the x−axis under different strain magni-
tudes. The observed shift of θ′B for stronger stretching
can be understood from Eq. (16). Replacing σxx by its
corresponding value, one gets
∆B() ≈ z0σ0(1− β(1 + ν))n1/n22. (22)
Expression (22) allows easily to evaluate the modified
Brewster angle as function on the strain magnitude . For
instance, for n1 = 1, n2 = 1.5 and z0σ0 = piα, it predicts
a decreasing of −0.03° for each 1% that  increases, with a
relative error not greater than 2% (see TABLE I and also
Ref. [10]). Inversely, it is important to note that Eq. (22)
could be used to determine the strain magnitude from
measurements of the Brewster angle shift.
 Exact θ′B Approx. θ
′
B
0.00 56.90° 56.89°
0.02 56.86° 56.85°
0.04 56.82° 56.81°
0.06 56.78° 56.77°
TABLE I. Modified Brewster angle for n1 = 1, n2 = 1.5,
z0σ0 = piα and different strain magnitudes (as in Fig. 2(b)).
The approximate values were obtained using Eq. (22).
On the other hand, Fig. 2(c) illustrates Rp for uniaxial
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FIG. 3. (a) Reflectance and transmittance of s- and p-polarized waves as functions of the incident angle θi for a system
dielectric-graphene-dielectric with n1 = 1.5 and n2 = 1. Graphene is assumed to be unstrained and with optical conductivity
equals to piα/z0. Panels (b) and (c), show respectively the reflectance of p- and s-polarized waves around the critical angle
of a system as (a), but now graphene is uniaxially stretched along of the x-axis. (d) Analogous to panel (c), but for different
directions of a uniaxial strain of magnitude  = 0.04.
strains with the same magnitude ( = 0.04), but along
of different directions. The most striking feature is that
Rp only nullify for the elongations along the x- and y-
axes. This fact is due to the non-diagonal component of
the graphene conductivity is not zero for uniaxial strain
along any other direction (σxy = −σ0β(1+ν) sin 2φ). As
mentioned above, under an incident p-polarized wave, if
σxy 6= 0 then the reflected wave is not strictly p-polarized
since its electric field also presents a small transverse
component to the incidence plane (see Eq. (7)), which
inhibits the perfect suppression of Rp. In short, the
Brewster effect does not happens in strained graphene
whenever one principal axes of the strain tensor is not
normal to the incidence plane.
Finally, we extend our previous general discussion on
the total internal reflection phenomenon to the case that
the interstitial 2D material is strained graphene. Fig-
ure 3(b) shows Rp about the critical angle θc for n1 = 1.5,
n2 = 1 and graphene uniaxially strained along the x-
axis. For θi ≥ θc, it can be noted that Rp increases for
stronger elongation. As above mentioned, this behavior is
expected since the strain increasing reduces the conduc-
tivity σxx and, therefore, Rp tends to 1 which is its value
in the absence of graphene. As a consequence, under
these basic considerations the p-polarization absorbance
Ap should decreases with increasing  (see Fig. 4(b)).
However, Dong and coauthors [25] experimentally ob-
served an opposite dependence of Ap on the strain mag-
nitude . Then, according to the discussion presented
here, those results can not be understood in terms of
strain-induced effects on graphene conductivity.
Otherwise, Fig. 3(c) displays the step-shape of Rs
about the critical angle θc, which experiments a decreas-
ing (an approximate down-shift curve) for stronger uni-
axial strains along the x-axis. From Eq. (18) and consid-
ering that σyy = σ0(1+β(1+ν)), the value of Rs at the
critical angle θc as a function of  results
Rs() ≈ 1− 4z0σ0(1 + β(1 + ν))/
√
n21 − n22, (23)
which predicts the Rs decreasing when  increases. In
particular, for n1 = 1.5, n2 = 1 and z0σ0 = piα, from
this relation it follows that the Rs value reduces ap-
proximately −0.003 for each 1% that  enhances. This
variation is also experimented by Rs for incident angles
slightly above the angle critical, as noted in Fig. 3(c).
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FIG. 4. (a) Dependence of the s- and p-polarization absorbance on the incident angle θi for n1 = 1.5, n2 = 1 and the graphene
conductivity given by piα/z0. Panels (b) and (c), display respectively the s- and p-polarization absorbance around the critical
angle for graphene uniaxially stretched along of the x-axis. (d) Similar to panel (c) but for different directions of a uniaxial
strain of magnitude  = 0.04.
Therefore, the experimental monitoring of Rs under to-
tal internal reflection conditions, as made in Ref. [25], it
would allow to investigate the strain-induced effects on
graphene conductivity using Eq. (23) or the most gen-
eral expression (18). It is worth mentioning that this
study can be complemented by the consideration of “the
freedom degree” associated to parameter φ. Figure 3(d)
shows Rs for uniaxial strains with  = 0.04, but differ-
ent directions. It can noted that Rs have a minimum
when the elongation is parallel to the incidence plane,
e.g. Rs ≈ 0.911 for φ = 0°, while Rs ≈ 0.932 for φ = 90°.
This means an absorbance variation greater than 2% due
exclusively to the orientation change of the incidence
plane respect to the strain direction, as appreciated in
Fig. 4(d).
V. CONCLUSION
In summary, we derived the Fresnel coefficients for
oblique incidence of linearly polarized light through two
dielectric media with an anisotropic 2D conducting ma-
terial at the interface. Based on these generalized coeffi-
cients it was demonstrated that, if the incidence plane is
not parallel to the principal axes of the optical conduc-
tivity tensor of the 2D material, then the light scattering
problem can not be decoupled in pure s- and p-polarized
waves. In other words, whenever the non-diagonal con-
ductivity component σxy 6= 0 is not zero, the incident po-
larization is not preserved because the polarization plane
changes. We performed an analysis about the modifica-
tions of the Brewster effect and the total internal reflec-
tion due to the anisotropic 2D material. For the former,
an analytical expression of the modified Brewster angle
has been obtained for low conductivity, which predicts
a up-shift (down-shift) of the Brewster angle if the re-
fractive index of the substrate is greater (smaller) than
the one of the incident medium. This expression also re-
produces a previous result found by Maje´rus et.al.[10] in
certain limiting case. Moreover, it is demonstrated that
for σxy 6= 0 the perfect suppression of the p-polarization
reflectance is inhibited and, thus, the Brewster effect does
not occur strictly.
To exemplify our findings, as anisotropic 2D mate-
rial we considered uniaxially strained graphene. The
uniaxial-strain effects on the Brewster angle and the re-
flectance and absorbance under total internal reflection
were estimated as a function either of the magnitude or
7of the strain direction. The presented results also sug-
gest that measurements of the modified Brewster angle
and the s-polarization reflectance about the angle critical
could be used to investigate the strain-induced effects on
the optical conductivity of graphene and, in general, the
optical anisotropy of 2D materials.
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